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I. INTRODUCTION

Throughout this work, an analytical and numerical
analysis of the behavior of graphene is developed. The
mathematical framework necessary to describe the pho-
nonic interactions within Graphene’s lattice are presented,
and their implications on the physical characteristic of
Graphene-based materials are discussed. The main aim of
this work is to provide a complete description of Graphene’s
specific heat in the presence of an external magnetic field.

In order to do so, the neighbor interactions within the
graphene lattice are defined through a Coulomb potential.
Furthermore, Bragg’s diffraction theory is explored, studying
the relation between incident light and phononic interactions
within the material. Finally, the internal energy of the lattice
is recovered, allowing for the calculation of the lattice’s
specific heat.

Additionally, the specific heat of Graphene due to mag-
netic interactions is explored. For these purpose, an efficient
Ising algorithm is constructed, allowing for an in depth study
of the variations in the specific heat of a hexagonal lattice in
the presence of an external magnetic field.

The complete description of graphene’s specific heat
allows for a better understanding of the material’s reaction
to changes in temperature and external magnetic field. This
understanding is fundamental for the implementation of fe-
rromagnetic graphene alloys in magnetocaloric systems. In

future projects, more complicated graphene alloys will be
modelled, allowing for a characterization of important ma-
terials used in modern magnetocaloric applications, such as
cancer treatment or refrigeration.

II. METHODOLOGY
a. Principles of Solid State Physics

Solid state physics primarily deals with materials with pe-
riodically arranged atomic or molecular constituents. This
well-defined periodic pattern is known as a crystal lattice;
the Solid State model describes a solid through the use of an
infinite dimensional lattice in 3D space, which holds transla-
tional symmetry. Mathematically, a lattice can be expressed
as:

ﬁn=n16?1+nchz+n353 @))

The set of vectors {&;};_, is known as the primitive
vector set. They define the primitive lattice, which is the
smallest repeating translational unit of the crystal lattice.
In the study of Bravais lattices, the linear combination
described in (1) must also ensure that n; € Z. To construct
the primitive lattice, one must identify the specific geometry
of the minimum cell such that, through repeated translation,
it correctly fills the entire lattice space. This cell is known as
the primitive cell, and will be discussed again later.

Therefore, the primitive vectors are not unique, and
should be determined based on the symmetry of the crystal.
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Another useful concept in solid state physics is the basis
or motif of the lattice. Previously, the primitive lattice
(also known as primitive cell) was defined. The primitive
lattice captures the symmetry and periodicity of the crystal,
but lacks information regarding the atomic and molecular
arrangement within the solid.

The motif describes this molecular arrangement, by
associating a group of atoms, ions, or molecules with each
lattice point. The motif specifies the local arrangement of
atoms, ions, or molecules at each one of the lattice points.
To construct a motif, it is necessary to specify the number of
atoms and the type of atoms to fully reproduce the original
material’s structure.

Once the primitive lattice has been defined, it is possible
to construct a primitive cell. The primitive cell is defined as
the smallest volume of space such that, when tessellated, it
completely reproduces the primitive lattice with no gaps. In
this project, the primitive cell that will be utilized is known
as the Wigner Cell. The Wigner Cell is constructed around
one point of the lattice, and must reproduce the entire lattice
when tessellated.

Throughout this project, Graphene’s lattice structure will
be thoroughly analyzed. Graphene has a monatomic, hexago-
nal lattice; therefore, the motif consists of a single element,
while the Wigner cell will be hexagonal.

b. Bragg’s Law

To develop a comprehensive understanding of the lattice
dynamics in crystalline materials like graphene, it is essential
to first explore the structural characterization of the lattice
through diffraction techniques. This foundation allows for
a dynamic description of the elements within the lattice. In
order to describe how each element within the lattice reacts
to interactions with external agents, Bragg diffraction must
be explored.

Bragg’s law describes the relationship between the inci-
dent electromagnetic wave and the periodic structure of the
crystal lattice. Whenever an incident photon interacts with an
element in the lattice, a vibrational reaction transpires. Parti-
cular electromagnetic waves, with appropriate values of the
wave vector, result in constructive interference.

Incident Diffracted
beam nA = 2dsin6 beam

S T

an d

Fig. 1: Bragg’s Law Diagram
The expression for the appropriate incident wave vectors
is given by:
2dsin@ = nA, 2)

where d is the distance between parallel planes in the
crystal lattice, 8 is the angle of the incoming beam, n is

an integer (order of reflection), and A is the wavelength of
the incident wave. Therefore, the path difference between
waves scattered from consecutive planes must be an integer
multiple of the wavelength for constructive interference.

An important assumption in the analysis of diffraction is
that energy must be conserved, which implies that the magni-
tudes of the incident and scattered wave vectors are the same:

21
k| =K==, 3
k| =K = = )
Here, k is the wave vector of the incident wave, and k’
is the wave vector of the scattered wave. Evidently, the
wavelength, and thus the energy, of the incoming wave is
preserved during the scattering process.

Considering the change in momentum during the scatte-
ring process, the condition for constructive interference can
be rewritten in terms of the wave vectors as:

G=K Kk, 4)

where G is a reciprocal lattice vector. This equation im-
plies that the difference between the incident and scattered
wave vectors corresponds to a vector in the reciprocal lattice.
The reciprocal lattice vector G satisfies the condition:

G- (R,—Ry) =0, &)

where R, represents a lattice vector in real space, defined
as:

3
R, =) na, (6)
i=1

with n; € Z being integers and a; the primitive vectors of
the Bravais lattice. This condition states that the vector G is
orthogonal to the vector R, — Ry; this equation is similar to
the equation of a plane:

n-(r—ry) =0, )

where n is the normal vector to the plane. In this context,
G acts as the normal vector defining the orientation of the
lattice planes, often referred to as Bragg planes.

The diffraction pattern obtained from experiments provi-
des information about the reciprocal lattice, a conceptual spa-
ce where the periodicity of the crystal is represented by vec-
tors G. The reciprocal lattice is defined such that any vector
G satisfies:

G-R=2nn, for any lattice vector R. ®)

The Bragg condition in reciprocal space can be restated as:

d-(K-k)=nk = d-G="2mn, 9)

where d is the vector normal to the lattice plane, and G
represents the wave vector corresponding to the periodicity
of the lattice in reciprocal space.

To construct the reciprocal lattice, we use the basis vec-
tors:
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ap X (31 X az)

b, =2rm
! |a1 Xaz‘z

aj ><(a2><a1) (10)

b, =21
la; x ap|?

The general reciprocal lattice vector can be expressed as:

G = hby +kbo, {h,k} €. (11D

These indices provide a way to identify the planes
responsible for the observed diffraction peaks. The discrete
nature of the reciprocal lattice reinforces the periodicity of
the crystal, allowing for the mapping of the wave vectors
back to the real-space structure.

A Wigner cell may also be defined in the reciprocal lattice,
analogous to the one in real space. This Wigner cell contains
the fundamental region of wave vectors and is crucial in
understanding the vibrational properties of the lattice. The
entire set of allowed wave vectors will be contained in the
reciprocal lattice.

Understanding Bragg’s law and the reciprocal lattice is
essential in the study of harmonic interaction within a ma-
terial’s lattice. The diffraction pattern provides information
about the periodic structure of the crystal through the reci-
procal lattice vectors. By analyzing the diffraction peaks, the
reciprocal lattice is constructed, which in turn allows for the
reconstruction of the real-space lattice structure. This step
is necessary in modeling interatomic interactions and deri-
ving the equations of motion, as it provides the framework
for understanding the vibrational states and dynamics of the
crystal.

¢. Harmonic Approximation

First off, a harmonic approximation for the potential U
between the ¢ and & motifs of the lattice is considered. Each
of the motifs within the lattice contains v and 1) atoms. Fi-
nally, the coordinates for the atoms in both basis will be de-
noted as o and f3.

U™ [(Fur): (Rn)] == Uo
22U

— 12
8r”va8r5nﬁ ( )

UnvaUgnp:
R

| =

+

pvénaf

Considering interactions between elements of the harmo-
nic lattice, the following expression is obtained:

Unven || (R +dy+iuy) = (R +dy +igg)| || (13)
Since only pairwise interaction is considered:

1
Utotar = 5 Z qu.’;rr (14)

uvén

Using Hooke’s law,
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Uﬁvén::Cﬁvén{HRu‘*dV‘FﬁuV“(RE‘%dn‘Fﬁén)H
. N . R 2
- HR“+dva5 dn‘” . (5)

Afterward, small displacements will be considered,

||| < ||[Ru +dv||- (16)
Next, let
A=Ry— Ry +dy—dy+ (iipy —iigy), (17
Ryven =Ry — Rz +dy —dy, (18)
Uyyen = lyy —ligy. (19)
Thus, equation (17) can be expressed as
A= Ryven +iiuven = Ruvey (ﬁ’uvén + Z“Wgn ) - (20
uven
Hence,
T 2.\
|A]] = Ry (1 e e ) . @D
uvén pvén
Let

2ﬁuV§n'RHV6n_
Ruven

Thus, by making a Taylor approximation of first order, the
following expression is established

€=

. 1 12
[|A]] ~ Ryyen <1—|—28+...> : (22)

Therefore, the harmonic potential can be expressed as

y ~ - 5 2
Uuvén = Cuven (luven Ruven)

Considering interaction by pairs, (23) can be written as

(23)

arm C N N o 2
" ::Z;gl ﬂzgn[RuV€n'(”#V“”€n)} ; 24
HVEn
Cuven (5 5
= “ZVZ;ZL; 1 RuvenaRuvenp)
na
(uuvauuvﬁ - Muvoc”);n[i) ) (25)

rrr

HVEn af

; CuVé’n’RuV&n’aRuvan’ﬁ]
/n/

. ..
8z 8y = CuvenRuvenaRuvenp } Upvaltgnp, (26)

1
=3 LYY Dy v, @7
KV énap
where
o . .
Dgg m= 524 (Cuvern RuvermaRuvenyp) 655';/
/n/

~CuvenRuvenaRyvenp  (28)
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is the dynamic matrix of the system. It is Hermitian and sym-
metric. As a consequence, conservation of energy dictates

uvén _
YDy =0.
én

(29)

Subsequent, the kinetic energy of the system can be writ-

ten as
Py m Z uabc
abc

(30)

Hence, the equations of motion can be obtained using
Euler-Lagrange equation

d (02 "\ abe
aUharm
= , 32
’Z Y. Dap [ iva (Uznp) +
abcénﬂ
S5 ()| (33)
1
=5 ) Dap(uznp). (34)
énp
Thus,
Y., (miiyva)8},." (35)

52‘ Do (uenp)-

uvo

Since coupled oscillators are being considered, a solution
of the following form is proposed:

Zexexp[ (k- Ruy — o))

Incorporating equation (36) in (35),

(36)

qua

aU - -
T Y Y (~o?mea)d exp i (K-Ru )| 637
UV T g
_g%ZDaﬁgﬁexp[ i(K-Ren)|- (38)
NP kw
Rearranging terms,
ZSC exp(i%-l_éab) = Z Z Dqp exp(iz-l_é;;n), (39)
fo ko Enp
Z {— w’meexp(ik - Ryp)
ko
— Y Dpegexp(ik-Rey)| =0, (40)
énp
Z%[ 0) msﬁﬁﬁ exp(lk Rab)
%
k-Regp)| =0, (1)

Z aBSIg exp
&n

[f (0°m)sP

- ZDaﬁ exp(iié . Eubén)} e =0
&n

(42)

Evidently, equation (42) is a characteristic equation with
3Np roots. Thus, there exist 3Np vibrational frequencies,
which define the dispersion relations w(k), where k is the
wave number.

Furthermore, a diagonalization procedure on (42) is per-
formed by letting

Qenp =Agnpe ", 43)
and returning to the original coordinate system
wea(t) = X Agyp (A5 ) €. (44)
ov¢
Finally,
N R i
Uyka(t) = \/T"’“gm (k)el[k-erw(k)z] (45)
=~ Nmyg

where € provides information on the amplitude. In the
next section, the aforementioned methodology will be repli-
cated to obtain the allowed angular frequencies for a graphe-
ne hexagonal lattice.

d. Solid State analysis of Graphene

Throughout this work, the general framework of solid state
physics for periodic lattices has been introduced. One of the
fundamental parts of this treatment is the mathematical des-
cription of neighbor interactions. This was achieved through
the definition of a harmonic potential, U harm \which was
then introduced to the Lagrangian of the lattice. By solving
Euler-Lagrange’s equations of motion, the solution to the
displacement of each of the elements in the lattice was found.

As previously stated, the solution to the displacement of
each element within the lattice was found in terms of the
wave vector and the angular frequency. Furthermore, the
characteristic equation was established, which will serve
useful in finding the allowed angular frequencies of vibration
within the lattice.

Before focusing on Graphene, it deems important to
further explore the characteristic equation (42). This equa-
tion contains the dynamical description of the lattice,
encoded within the dynamical matrix and the angular
frequencies squared (also known as phonon frequencies) of
the lattice. The displacement of an element in the lattice was
found to be described by (45).

Clearly, it is necessary to find the appropriate wave vec-
tors and allowed angular frequencies to properly describe the
displacement of elements in the lattice. In order to do so, the
characteristic equation (42) can be expressed in matrix form:

det(Ds ¢ 5.5 — ©21) =0. (46)
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When solving the characteristic equation, the allowed va-
lues for the angular frequencies will be established. Howe-
ver, to find the allowed wave vectors, it is necessary to set
boundary conditions. Throughout this work, periodic boun-
dary conditions will be implemented. The periodic, or Born-
von Karman, boundary conditions, are defined for a lattice
with NV; unit cells along the direction of a primitive vector a;:

u(F+ Nidj,t) = u(7,1). 47)

The main takeaway from this fact is that, whenever the
displacement of the element of the lattice has a phase of the
form:

u(F 1) o k700, (48)

it is possible to discretize the values of k. By applying the
Born-von Karman conditions to (48), the restriction is found
to be:
kaiNy) _

el (49)

Recalling the previous treatment of reciprocal space in b,
where the definition of the reciprocal basis vectors was given
to be [1]:

a) x (a) x ap)

b, =2x
! |31 ><32|2

a X (32 X al) (50)

b, =21
2 |a1 ><32|2

it is possible to describe the wave vector in the reciprocal
basis as:

k= oub, + by (51

The restriction set on wave vectors due to the periodic
boundary conditions will serve useful in describing the li-
near combination coefficients ¢;. In order to find such coef-
ficients, equation (48) is solved:

k-@N; =2mm;; m;€{0,1,2,...}. (52)

Another foundational equation is the relationship between
the primitive vectors and the reciprocal space vectors is:

Jk . E[ = 27'[6](7[. (53)
Applying this identity to equation (52):
%-Ji:271'((11'5]')-6_1'[:275(11'6[7}'. (54)

Hence, the linear combination coefficients are restricted in
value to:

i N; N;
o= 4. mie{ }/\miez. (55)

N;’ 272

Thus, the number of states is bounded by the size of the

lattice, since N; is the number of cells within a particular

direction. Furthermore, whenever m; = N;, the wave vector
will equal a point within the reciprocal lattice, k = G.

Therefore, all possible states of the lattice will be con-
tained within a Wigner cell in reciprocal space. While this
point will be fundamental in the description of the lattice’s
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dynamics, it is first relevant to find the allowed angular
frequencies.

At this point, the discussion now focuses on the case of
Graphene. In order to find the allowed angular frequencies,
it is necessary to find the Dynamical matrix, as revealed in
equation (46). In the case of graphene, the Wigner cells take
the shape of hexagons, which can be rotated to facilitate the
definition of the primitive vectors:

Gy

SO

Fig. 2: Wigner Cells for Graphene

The decision to define the primitive vectors as those pre-
sented in figure 2 is based on the rotational symmetry of a
hexagonal unit cell. When reflected once around the center
of the cell, and if the primitive vectors are defined as those
given previously, the six first neighbors will be correctly des-
cribed. The primitive vectors in the Cartesian basis are hence
given by:

(56)

(57)

Having proposed a vibrational solution to the movement of
each neighbor, it is possible to discover the shape of the dyna-
mic matrix. To do so, Euler-Lagrange’s equations of motion
are once again utilized, finding a Kinetic term for the origin
point and the Potential term in terms of its neighbors. This
same methodology was previously applied for a generalized
harmonic potential [2].

Y Y —meadt i exp[—i(k-Ruy — 0 1)] =
MV E g

Y Y Dopegexp[—i(k-Rep — o1)]. (58)
enB ke

It is desirable to solemnly focus on a single k before ap-
proaching the entire lattice. Therefore, the sum over all k
is dropped momentarily. Furthermore, it is possible to bring
both exponentials together by multiplying by exp[i(% . R;V —
ot)]:

2 pva
— W meyO; 5+
¥ otmeadly;

Y Dogegexp|—ik-Rgp +iot +ik- Ry —iot] = 0. (59)
cnB
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Logically, it is possible to define a position vector from the
origin to its neighbors:

Ryuven = Ruv —Rey (60)

By also assuming that the magnitude of the displacements

of each element in the lattice is the same, &, = g, it is pos-
sible to express the equations of motion as:

INN . -
—a)25l§x+%;D/aﬁexp[—z(kﬂwén)] gg=0. (61)
M

The double summation in the kinetic term is effectively
eliminated by the application of Kronecker’s Delta: 5,? T;’ g .
Moreover, the analysis is reduced to only the nearest neigh-
bors; an important characteristic of the relative position
equation 60 is that, regardless of the choice of origin, it will

always return the same position vectors.

Therefore, it is now possible to select an origin point, and
obtain the relative position of its nearest neighbors, which
will be the same for any origin point within the lattice. The
simplest origin point is evidently: {i,v}={0,0}; the label
j={&,v} is introduced for simplicity. Having defined an
origin, one may proceed to define a matrix, D, which contains
all the interaction-related information:

D= ZD{W exp|—i(k- Rooj)] - (62)
J

Furthermore, one may find the list of first-neighbor relative

positions from the origin:

=) w-3() w=4(l)

Rs=-R;, Rs=-Ry, R¢=-Rj.

Having found the relative position from all six first neigh-
bors, the main goal is to find the mathematical expression of
the Dynamic Matrix (28). In this case,

NN
i _ A A ‘Ll
D{xﬁ - 52 C;Wé’n’(RMV5’n’aRMV5’n’ﬁ)5§ Sy

/T'/

*Cuvan’RuVEnaIéuVEnﬁ’ (63)

where NN denotes nearest neighbors. Rearranging, equa-
tion (63) can be written as

4 6 A R R
Dys =) Ci(R ,aRjﬁ)ésg‘a,y —CjRoojaRoojp-  (64)
j=1
The interaction matrix D will then be given by:
Dy p = Z{ ZC’éOOJaROOJﬁ] 8t 8y
J J
— CRoojaRoojp } exp [—i(% : Eow)} . (65)

By applying the choice of origin, the expression can be
further simplified to:

D‘éﬁ = ZAO‘B 5? exp [fi (75'1300]-)}
J
— Y. CRoojaRop s exp [—i (%-Eooj)} = Agp—Zap.  (66)
J

Aucxiliary tensors may be defined, which will simplify
symbolic evaluation. These tensors are defined as A,g and
Zqp- The remaining steps are fully computational, and requi-
re the evaluation of the auxiliary tensors on every possible
permutation of components:

Agp = lZCjROOjaROOjﬁl . (67)
j

This expression is evaluated for the three possible compo-
nent combinations, noticing the symmetric nature of {x,y} =

{yx}:
6 A A
A=Y CiRop,jRo0,j.x, (68)
j=1
6 A A
Ay =Y. CiRo0,jyR00.j, (69)
j=1
6 A A
Axy = Ayx = Z CjR()’O_’LxRO’ 0,j,y- (70)
j=1

Furthermore, the other auxiliary tensor is evaluated on the
three distinct permutations:

Zap =Y CiRoo jalRo, opexp[—i(k-Rooj)l,  (71)
7
Zue =Y CiRo0,jxRo0,j. vexp[—i(k-Rooj)],  (72)
7
Zyy=Zy =Y CiRog,jRo0 jy exp[—i(k-Rooj)],  (73)

J
Zyy =Y CiRoo.jxRo.j. yexp[—i(k-Rooj)].  (74)
J
Using these results, the assembly of the interaction matrix

D is computationally efficient. In order to obtain each of the
four components of the 2D D, one simply evaluates:

D=Aqp—Zop, (75)
D1y = Dy :Axy_ny7 (76)
Dy =Ay —Zy,. amn

The interaction matrix has a complicated mathematical
form, even for the nearest neighbors. For that reason, it pro-
ves useful to evaluate the different coefficients C;, each uni-
que to one of the six neighbors:
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24

C=C= 757 (78)
245

C=Cs= 3 (79)
735

These values correspond to the values used by Sahoo in his
analysis of embedded Graphene structures [3]. By choosing
these coefficients, it is possible to simplify the shape of the
interaction matrix for first neighbors to:

24 1 1
Dy = 71765 (720+ 16cos(ky) +3cos (5(& - \/gk‘)) +cos <§(kx + \/5&))) ,

D= 7%\/5 (273005 (%(kxf ﬂkﬁ) +cos (%(kx +\f3kv))> ,

Dy = 7%\5 (273cos (%(kxf \/’51(,)) +cos (%(kar\/gky))) R

The interaction matrix has purely real components and is
symmetric in nature, so it is therefore Hermitian. The reason
behind the realness of the interaction matrix is the embedded
symmetry of hexagonal lattices; as previously discussed, the
selected choice of primitive vectors allows for a reflection of
the first three nearest neighbors that successfully recovers the
remaining three. A Hermitian matrix is guaranteed to have
real eigenvalues; in this case, the eigenvalues obtained using
the characteristic equation will provide the dispersion rela-
tion of the material:

det {—wzi + ID] =0. (81)
m
For the nearest neighbors, there will be two distinct
eigenvalues 2. Therefore, there will exist four values of ©;
however, there are only two unique values of w, which are
presumed to represent the acoustic and optical dispersion
relations within Graphene.

A phonon is a bosonic pseudoparticle, and corresponds
to the quantization of the vibrational modes in a material’s
structure. Acoustic phonons are related to lower energy
vibrational elements in the lattice, while optical phonons
correspond to more energetic interactions. While acoustic
phonons mediate thermal conductivity within the material,
optical phonons mediate phonon-photon interactions in
the lattice. The results section will feature the two distinct
dispersion relations, namely ®;,®s, which correspond to
acoustic and optical modes respectively [4].

e. Ising model

One of the main tenets of statistical physics and phase
transition theory is the Ising model, which offers a profound
comprehension of how microscopic interactions may result
in aggregate macroscopic behaviors.

Monterrey Institute of Technology and Higher Education

Mathematically, itl considers a lattice of dimension d,
where each site i is occupied by a spin variable s; that can
take one of two possible values: s; = +1 or s; = —1. These
values represent the two possible states of an elementary
magnetic dipole: oriented up or down. The interaction
between neighboring spins and the influence of an external
magnetic field are incorporated into the Hamiltonian of the
system, which describes its total energy [5].

The Hamiltonian H of the Ising model is expressed as:
H=-J Z S,'Sj 7hZSi,
(i) i

where (i, j) indicates that the sum is taken across all pairs
of nearby spins in the lattice, whereas J is the exchange
constant that measures the amount of interaction between
surrounding spins s; and s; in this equation. An external
magnetic field that is evenly applied to all spins is denoted
by the word h. If J > 0, the interaction is ferromagnetic,
meaning that the spins prefer to align in the same direction
to reduce the energy of the system, as shown by the negative
sign in the interaction term.

(82)

Next, the partition function Z allows us to calculate the
thermodynamic parameters of the system. Its definition is
the total of all conceivable spin configurations’ probability,
weighted by the Boltzmann factor:

Z= Z e PH.
{si}
1

where f3 = 57+ With kp being the Boltzmann constant
and T the absolute temperature. The sum ) (1 extends over

(83)

all possible spin configurations {s;}, of which there are 2V
for a system with N sites.

The Helmbholtz free energy F is related to the partition fun-
ction through:

F =—kgTInZ. (84)

This connection is essential because it makes it possible to
deduce other thermodynamic characteristics using derivati-
ves of F' with regard to the pertinent parameters. As an illus-
tration, the average magnetization (M), a measurement of the
system’s magnetic order, may be found as follows:

oF 1 _
m=-(3), S (E) o

The system’s reaction to an external magnetic field is mea-
sured by the magnetic susceptibility ), which may be com-
puted as follows:

(M
1= (200 gy - ). o)
oh )

The specific heat C is related to energy fluctuations and is
defined as:

d(E) B>
C = _— = — E —

(E)?). 87
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where (E) is the average energy of the system [6].

The critical behavior of the Ising model close to the
critical temperature 7., when a second-order phase shift
takes place, is among its most fascinating features. A
sudden change in the magnetization of the system and the
appearance of long-range correlations between the spins are
characteristics of this transition.

It is shown that the Ising model does not show a pha-
se transition at finite temperature and that it may be solved
exactly in one dimension (1D). In this instance, the trans-
fer matrix approach is used to compute the partition fun-
ction. The transfer matrix T is defined using the following
elements:

Ty = ePIsisiv1+Bhsi (88)
The partition function is then expressed as:
Z =Tr(TV). (89)

where N is the number of sites and Tr denotes the trace of
the matrix. The eigenvalues of T determine the thermodyna-
mic behavior of the system.

The correlation length and magnetic susceptibility diver-
gence define the crucial behavior close to 7;.. The correlation
between spin fluctuations at one site and those at another site
r away is measured by the spin correlation function G(r):

G(r) = (sisivr) = (si) (Sivr)- (90)
Near 7., G(r) decays as a power law:
efr/é
Gy~ o1

where & is the correlation length, which diverges as
& ~|T — TV, and 7 is the correlation exponent. In 2D, the

critical exponents take the exact values v=1and n = %.

The Ising model cannot be solved exactly in dimensions
larger than two, although approximations like mean field
theory and the renormalization group can be used. According
to mean field theory, the system’s average magnetization cau-
ses each spin to experience an effective field. When there is
no external field present, the magnetization’s self-consistent
equation is [6]:

JzM
M =tanh | — ). 92
(&) ©2)
where z is the number of nearest neighbors in the lattice.
The critical temperature in the mean field approximation is
obtained by linearizing this equation near M = 0:

kgTME = Jz. (93)

Mean field theory does not give the right critical expo-
nents for low dimensions, but it does qualitatively represent
the existence of a phase transition. Kenneth Wilson and
others invented the renormalization group, a technique that
gives us a powerful tool to systematically determine critical

exponents and helps us understand how interactions change
as the length scale changes.

Studying the Ising model in dimensions without precise
solutions requires the use of Monte Carlo simulations.
Using a criterion derived from the Boltzmann factor, the
Metropolis algorithm, one of the most popular, generates
spin configurations through random modifications that are
either approved or rejected. This enables us to examine
the system’s crucial behavior and estimate thermodynamic
properties numerically [6].

III. RESULTS
a. Lattice Specific Heat

In previous sections, two distinct dispersion relations we-
re defined, @, (k), w4(k). Although their mathematical form
remains complicated, it is possible to plot the dispersion re-
lations in a 3D surface plot:

Dispersion Relation in Graphene: w(kx, ky)

2
w1 (kx, ky)1

Fig. 3: The dispersion relation for Graphene’s first neighbors
To further analyze the two dispersion curves, a surface le-
vel is analyzed such that ky, = 0 Vk,:

Dispersion Relation in Graphene (1D Slice)
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Fig. 4: The dispersion relation for Graphene’s first neighbors

Clearly, , is related to the acoustic phonons within the
lattice, while @, appears to be related with the more energe-
tic optical phonons. At this point, it is possible to obtain the
internal energy within the lattice. For this purpose, Sahoo’s
internal energy model is revisited:

DY)

Sk (2m)4 (e T — 1)
In this case, the dispersion relations are evaluated over
the allowed wave vectors found using the Born-Von Kdrman

(94)
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boundary conditions in a 50 x 50 lattice of neighbors. These
evaluations are summed for each of the two @, hence consi-
dering both the acoustic and optical phonon contributions.

Internal Energy vs Temperature
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Fig. 5: The internal energy for Graphene’s first neighbors

Finally, it is possible to derive the internal energy expres-
sion and obtain the specific heat of the Graphene lattice:

U

—~ _C
or ¥

95)

Specific Heat Capacity vs Temperature
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Fig. 6: The specific heat for Graphene up to first neighbor
interactions «Dimensionless analysis

For lower temperature values, the cubic behavior com-
monly found experimentally is replicated [7]:

Specific Heat Capacity vs Temperature
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Fig. 7: The specific heat for Graphene up to first neighbor
interactions «Dimensionless analysis

Even though this initial analysis effectively replicates
the expected behavior at low temperatures, it is possible
to improve the analysis by considering a higher number of
neighbor interactions.

There are twelve second neighbors for each point within
the lattice. Once again, it proves useful to select {0,0} as the
origin point. Then, the relative position of the twelve second
neighbors will be given by [8]:

Monterrey Institute of Technology and Higher Education

M; =2R;, M; =2R;+R3, M;j3=2R,,

M =2R3+R;, Ms5=2R3, M= —-2R;+Rs,
M;=-M;, Mg=-M;, My=—-M;j,
Mjp=-My, M =-Ms, Mjp=—-Ms.

Once again, the interaction matrix may be constructed
using the two auxiliary matrices D =Aq g —Zg g:

SN
Agp = lZCjRo,o, iakoop (96)
J
SN R R R .
Zo.p =Y CiRoo jaRo opexpl—ik-Ro)] ~ (97)

J

The only key difference between the first approximation
is that the summation now round through 18 different neigh-
bors (six first and twelve second neighbors). Once again, the
mathematical form of the interaction matrix is complicated,
so it will be presented symbolically as D (the symbolic eva-
luation is added in the attachments). The selected coefficients
are chosen based on Sahoo’s work [3]:

245
Ci=C= R (98)
245
G =C= Ta (99)
G =Ce= %, (100)
C,=100Vk>17. (101)

Once more, two different dispersion relations are obtained.
There are important differences between both models, as can
be perceived from the surface plot:

Dispersion Relation

in Graphene: w(kx, ky)

40 A
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Fig. 8: The dispersion relation for Graphene’s second neighbors

A similar level surface cut can be plotted to further analyze
the dispersion relations. The main difference between both
models is the accuracy of energetic vibrational modes. This
will improve the results for both the internal energy and the
specific heat at low temperatures.



PHONON DISPERSION AND SPECIFIC HEAT OF GRAPHENE IN THE CONTEXT OF MAGNETOCALORIC APPLICATIONS

Dispersion Relation in Graphene (1D Slice)
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Fig. 9: The dispersion relation for Graphene’s second neighbors
The internal energy is once again calculated using equa-

tion 94. The lattice remains 50 x 50, obtaining the following
results:

Internal Energy vs Temperature
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Fig. 10: The internal energy for Graphene’s second neighbors

Finally, the specific heat of the lattice is calculated by ta-
king the derivative of the internal energy expression:

Specific Heat Capacity vs Temperature
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Fig. 11: The internal energy for Graphene’s second neighbors

For low temperatures, the cubic behavior is once again
recovered and further improved when compared to the first
results. It is now possible to explore the magnetic specific
heat, which was explored numerically through an Ising Mo-
del. With the result of the present section and the one presen-
ted next, a complete characterization of the material’s speci-
fic heat will be available.
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Fig. 12: The internal energy for Graphene’s second neighbors

b. Ising model and Magnetic Specific Heat

This Ising model simulation featured a three-neighbor in-
teraction network to model graphene with 3000 x 3000 no-
des, resulting in a square lattice of 9 million elements with
periodic boundaries, as it is shown in Fig.13. The primary
goal of the simulation was to explore the thermodynamic
behavior of the system, particularly the dependence of in-
ternal energy and specific heat on temperature.
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Fig. 13: Graphene spin grid

To analyze the system’s relaxation dynamics, the evolution
of energy through Monte Carlo steps was examined for two
distinct temperatures: 71 = 2,0 A T, = 15,0. Once it was as-
sured that the system reached equilibrium, temperature was
decreased so that the dimensionless internal energy was cal-
culated as a function of temperature.

-1.0x1¢°

Energy

—2.0x10° |
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L L L L L L
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Monte Carlo steps

Fig. 14: Energy with respect to Monte Carlo steps for a stationary
state, 7 = 15,0
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On the first place, we observe in Fig.14 an exponential de-

perature. Further simulation was done near the zero tempera-
cay with some local peaks, specially at the beginning.

ture that showed a smooth decay analogic to that of a Debye’s
model.
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Fig. 15: Energy with respect to Monte Carlo steps for a stationary

state, T =2,0 Fig. 18: Internal energy with respect to temperature, 7 = 15,0

On the other hand, when modelling the system with
temperature 7 = 2,0, we observe in Fig.21 a smoother
decay, with a lower order of magnitude in the energy.
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This work’s goal was to analyze the specific heat for both g .
lattice and magnetic interactions. We reached this quantity g
by applying a numerical derivative to the data obtained in £
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2 With respect to the internal, for high temperatures, it tends
£ 20 | to a constant, as shown in Fig.18. By contrast, when we are in
Q . . . .
& low temperatures, Fig.19, it decreases exponentially, tending
to a very negative value.
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Fig. 20: Magnetization with respect to Monte Carlo steps,7 = 15,0
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Fig. 17: Specific heat with respect to temperature, 7 = 2,0

As we can appreciate in Figs.16 and 17, the specific heat
due to magnetic interactions was clearly lower at higher tem-
peratures as the magnetic fields lose intensity the hotter a
system is. It reached a peak around the system’s critical tem-
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Fig. 21: Magnetization with respect to Monte Carlo steps, 7 = 2,0

Finally, we can appreciate in Fig.20 that as the Monte
Carlo step progresses, the magnetization value tends to a
constant of 0,10, showing some local peaks at the first itera-
tions. Meanwhile, Fig.21 shows that for low temperatures, it
quickly converges to 1.0 for almost all the simulation.

IV. FUTURE WORK AND THE MAGNETOCALO-
RIC EFFECT

In this section, we will generate a brief discussion on
a possible application for graphene in the medical field
through cancer treatments which utilize the magnetocaloric
effect. This is a novel application of graphene alloy structure,
and could be benefitted by our in depth model of graphene’s
specific heat.

New research has demonstrated extreme potential for
the utilization of the magnetocaloric effect in the treatment
of cancer. Magnetic hyperthermia is the name given to a
medical procedure in which magnetic nanoparticles are
inserted into a patient’s body and guided to a cancerogenous
tumor. When in the tumor, the patient is exposed to a
magnetic field, which induces the magnetocaloric effect in
these particles. This causes a localized temperature rise and
can lead to the tumors eradication by apoptosis due to the
high temperature without harming any healthy tissue. [9]

Currently, the ferromagnetic materials utilized typically
consist of magnetite and maghemite, two ferromagnetic iron
oxides. Having a low specific heat spectrum (between 0.6
and 1 J/gK) these materials are ideal as the temperature
increase is more drastic. Graphene’s lower specific heat
could be utilized in these types of procedures in combi-
nation with the magnetite and maghemite to create more
optimal nanoparticles for this procedure. Due to graphene’s
lower specific heat, the resulting alloy between this and
the ferromagnetic materials previously mentioned would
result in a lower overall specific heat when compared to
the individual ferromagnetic materials. A combination of
this nature would ensure both the ferromagnetic properties
required for the magnetocaloric effect’s presence and a lower
specific heat to increase temperature change in the material
and, consequently, the tumor in question. [10]

Graphene’s lower specific heat would not be the only
benefit endorsing the integration of this material into the

ferromagnetic nanoparticles. Due to the hexagonal structure
of graphene its heat dissipation is extremely efficient and
effective. This property could be utilized to ensure that no
unwanted localized hot and cold spots inside the tumor are
created. Following this same nature, magnetic nanoparticles
tend to agglomerate which again can lead to an uneven heat
distribution in the tumor. Graphene’s electrostatic properties
can be utilized in order to equally disperse the ferromagnetic
nanoparticles and ensure a proper temperature rise in the
tumor.

Future research is required to determine the effectiveness
of these theoretical altered nanoparticles when compared to
the already utilized completely ferromagnetic nanoparticles.
A combination of graphene and iron oxides would result in
an alteration of all the nanoparticles’ properties. This could
in turn lead to unforeseen unwanted results. Another thing to
consider is the biocompatibility of the material. The graphe-
ne utilized in this process would require certain alteration in
order to increase its biocompatibility as pristine graphene can
cause oxidative stress, inflammation, and damage to cellular
membranes due to its sharp edges and strong interactions
with cell membranes. The necessary modifications to the
graphene could possibly cause alteration to its structure and
affect the properties previously discussed in this section. [11]

Finally, future research on this topic would not only serve
to expand the scientific knowledge of this topic but also pos-
sibly serve as a mayor breakthrough in non-invasive cancer
treatment.

V. CONCLUSIONS

Throughout this document we have presented a detailed
methodology with the aim of obtaining the specific heat
for graphene and its lattice. We have successfully produced
results and were able to obtain a graph depicting the behavior
of this material’s specific heat and its values for different
temperatures.

The next necessary improvements involve a higher neigh-
bor interaction approximation, as well as a dimensional
analysis of the units involved in the calculation. In order to
correctly join both the phonon specific heat and the magnetic
specific heat, both simulations should contain a similar
number of cells within the lattice. This step was particularly
challenging throughout the symbolic evaluation of neighbor
interactions, limiting the size of the lattice.

Furthermore, it is relevant to study the specific heat of
graphene alloys, as well as present a variety of results for
different strengths of the external magnetic field. Experimen-
tal research should be performed alongside the mathematical
models here presented, further validating the veracity of the
results.
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